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Abstract: A new family of higher spin algebras that arises upon restricting matrix
extensions of shs[λ] is found. We identify coset CFTs realising these symmetry
algebras, and thus propose new higher spin–CFT dual pairs. These higher spin
theories arise naturally as a subsector of string theory on AdS3 × S
3 × S3 × S1 for
specific ratios of the radii of the two spheres.
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1 Introduction
Recently, important progress has been made in elucidating the duality between higher
spin theories on AdS3 [1, 2] and 2d conformal field theories [3–5], see [6] for a re-
view. The relevant higher spin algebras that appear in these examples all arise from
the prototypical higher spin algebra shs[λ] by means of a number of small construc-
tions [7]. In particular, one may either extend the higher spin algebra by adding
Chan-Paton (or matrix) degrees of freedom, or one may restrict these algebras by
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imposing some invariance conditions that reduce, say the ‘unitary’ algebra shs[λ] to
its ‘orthogonal’ or ‘symplectic’ version.
It was shown in [8] that the λ = 0 point of the N = 4 version of the duality
embeds naturally into the stringy AdS/CFT duality. The point λ = 0 is special
since it corresponds to the geometry AdS3 × S3 × T4 — for general λ the geometry
is expected to be AdS3× S3× S3× S1 — and since the CFT dual of string theory on
AdS3 × S3 × T4 has long been known: it is the symmetric orbifold of T4, see e.g. [9]
for a review. More specifically, it was shown in [8] that the N = 4 superconformal
W∞[0] symmetry of the CFT dual of the higher spin theory is a natural subsector of
the symmetric orbifold of T4. This reflects nicely the general expectation about how
higher spin theories should be related to string theories.
At the time of [8], the CFT dual of string theory for AdS3×S3×S3×S1 was not
known, but recently convincing evidence for a specific dual CFT was given in [10].
The proposal of [10] only covers the cases when the ratio of the D5-brane charges
takes the values (here we assume, without loss of generality, that Q+5 ≤ Q
−
5 )
γ =
Q+5
Q+5 +Q
−
5
=
1
1 + n
, n = 1, 2, . . . , (1.1)
and even for these values, the dual CFT does not, in general, seem to contain a
natural higher spin subalgebra. On the other hand, for γ = 1
2
a certain N = 2
supersymmetric higher spin subalgebra was already identified in [10], see also Sec-
tion 4.1 below. In this paper we analyse another natural construction that generalises
more directly to the other (admissible) values of γ, see the discussion in Section 4.3.
While the relevant higher spin algebras are not supersymmetric, one may suspect
that they coincide with standard constructions from [7]. For example, for the theory
at γ = 1
2
, the most natural candidate is the so-called ho(1|4) algebra of [7] since it
has a matching spin spectrum.
In this paper we show that this expectation is not quite borne out. In particular,
the relevant algebra at γ = 1
2
does not agree with ho(1|4), but rather involves another
class of higher spin algebra constructions that does not seem to have appeared before
in the literature. We will therefore explain this construction in some generality. All
of the resulting algebras define consistent higher spin theories, and it is not difficult
to identify the corresponding dualW∞ algebras, as well as coset realisations of them.
Thus these higher spin algebras also fit naturally into the family of higher spin–CFT
dual pairs.
The paper is organized as follows. In Section 2 we explain the general construc-
tion of the higher spin algebras, and describe some basic properties of them. In
Section 3 we construct the dual W∞ algebras, and explain how they can be realised
by free field constructions (for one limiting value of λ), as well as by cosets. In
Section 4 we then show how these theories arise naturally in the context of large
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N = 4 holography. Our conclusions are summarised in Section 5, and there are five
appendices into which some of the more technical material has been delegated.
2 The general construction
In this section we explain a novel general construction for how to define what one
may call a restricted matrix extension of hs[λ] or shs[λ]. In the following, we shall
concentrate on the case of shs[λ], from which the construction for hs[λ] can be easily
deduced.
2.1 The higher spin algebra shs[λ]
Let us begin by recalling the definition of the prototypical higher spin algebra shs[λ].
By definition, shs[λ] is a Lie algebra, whose Lie bracket is induced from an associative
product, often called the ‘lone star-product’, on the space 1⊕shs[λ], where 1 denotes
the identity. For the following it will be more convenient to work directly with this
associative algebra, and we shall, by slight abuse of notation, also denote it by shs[λ].
We may define shs[λ] as the quotient of the universal enveloping algebra of
osp(1|2) by the two-sided ideal generated by C− 1
4
λ(λ−1)1, where C is the quadratic
Casimir of osp(1|2). This algebra has an equivalent description in terms of oscillators
k and yα with α ∈ {1, 2}, satisfying [1, 2, 11, 12]
[yα, yβ] = 2iǫαβ(1 + νk) , kyα = −yαk , k
2 = 1 , (2.1)
where ν = 2λ−1. The algebra is actually N = 2 superconformal and hence contains
osp(2|2) ∼= sl(1|2) as a subalgebra, see, e.g. [13, Section 2.1] for a detailed description.
In terms of this sl(1|2), the higher spin algebra consists of the following (long) sl(1|2)
multiplets:
shs[λ] ∼= 1⊕ sl(1|2)⊕
∞⊕
s=2
R(s) , (2.2)
where the N = 2 multiplet R(s) consists of the states
R(s) :
s : (0)
s+ 1
2
: (+)⊕ (−)
s+ 1 : (0)
. (2.3)
Here s (resp. s+ 1
2
and s+1) denotes the spin of the corresponding spacetime fields,
which is related to the spin j with respect to the Mo¨bius subalgebra as j = s − 1,
while the quantum numbers in brackets refer to the eigenvalue with respect to the
u(1) current J0, see [13] for our conventions. In terms of the oscillators, the spin
simply equals s = m
2
+ 1, where m is the number of yα generators in the expression.
On the other hand, the fermionic generators with ± u(1) charge are proportional to
(1± k).
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In this construction λ (or ν) is a free parameter, and we have the symmetry
λ↔ 1− λ, as can be seen by exchanging k with −k; more formally, this means that
we have an algebra isomorphism
Φ : shs[λ] −→ shs[1− λ] , (k, yα) 7−→ (−k, yα) . (2.4)
2.2 The restricted matrix extension
Now we want to extend this construction to include matrix degrees of freedom. To
this end, let us first consider the associative algebra
shsM [λ] ≡ shs[λ]⊗Mat(M,M,C) , (2.5)
where M is a positive integer, and Mat(M,M,C) is the (associative) algebra of com-
plex M ×M matrices. This algebra is well-known in the literature; in particular the
special case shs2[λ] leads to the higher spin algebra with large N = 4 supersymmetry
[13]. The algebra shsM [λ] was also considered in [14].
We now subdivide M = K +L, and decompose the M ×M matrices into blocks
of the form (
A B
C D
)
, (2.6)
where A is a K ×K matrix, B a K × L matrix, C a L ×K matrix, and finally D
a L× L matrix. Associated with this subdivision, we then define shs(K|L)[λ] to be
the subalgebra of shsM [λ] that is generated by the elements of the form
(
y2m(1− k)⊗ A 0
0 y2m(1 + k)⊗D
)
and
(
0 y2n+1(1 + k)⊗ B
y2n+1(1− k)⊗ C 0
)
,
(2.7)
where m and n are nonnegative integers.1 The first kind of generators have spinm+1
and are bosonic, while the second kind have spin n+ 3
2
and are fermionic. Using the
defining relations (2.1), one can easily verify that this algebra closes. (In particular,
1
2
(1 + k) and −1
2
(1− k) are projectors, and the parity constraint we imposed on the
number of y’s is preserved by the matrix multiplication.)
Alternatively, we may characterize the resulting algebra shs(K|L)[λ] as the sub-
algebra of shsM [λ] on which k1M acts by diag(−1K ,1L), both from the left and from
the right. We should note that this truncation differs from those presented in [7],
since it mixes the shs[λ] part with the matrix part in a non-trivial way.
For the special case of λ = 1
2
, the generator k can be decoupled from the algebra,
as can be seen from the defining relation (2.1). In this case, our construction degen-
erates to the one of [7]. Indeed, in the product of the generators of (2.7), the (1+ k)
1Here yl stands for any string of yα of total length l.
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term never meets the (1−k) term, but we only need the relations (1±k)2 = ±2 (1±k).
Thus, we have an algebra isomorphism
(
y2m(1− k)⊗A 0
0 y2m(1 + k)⊗D
)
7→
(
−2y2m ⊗ A 0
0 2y2m ⊗D
)
, (2.8)
(
0 y2n+1(1 + k)⊗B
y2n+1(1− k)⊗ C 0
)
7→
(
0 2y2n+1 ⊗ B
−2y2n+1 ⊗ C 0
)
, (2.9)
hence identifying our algebra with the matrix construction of [7].
2.3 Further truncations
As is familiar from other higher spin constructions, we may further truncate these
algebras to the orthogonal and symplectic analogues. In particular, we define the
‘orthogonal truncation’ sho(K|L)[λ] as the subalgebra consisting of those generators
ξ(y, k) ∈ shs(K|L)[λ] that are invariant under the anti-automorphism
σ(ξ(y, k)) = −i|ξ| ξ(iy, k)T . (2.10)
Here, y = (y1, y2) is the collection of y’s, while the transpose T acts on the matrix
part only. |ξ| denotes the grading of ξ(y, k), i.e. the power of y in the expression
modulo 2. (2.10) is only defined for elements of pure degree, and the definition is
then extended by linearity. This truncation yields the following restrictions on the
matrices A, B, C and D of (2.7):
s ∈ 2Z+ 1 : A = −AT , D = −DT , (2.11)
s ∈ 2Z : A = AT , D = DT , (2.12)
s ∈ 2Z+ 1
2
: B = CT , (2.13)
s ∈ 2Z+ 3
2
: B = −CT . (2.14)
For the ‘symplectic’ truncation we assume that M , K and L are all even. Then
we define shsp(K|L)[λ] as the subalgebra consisting of
σ(ξ(y, k)) = −i|ξ|Ω ξ(iy, k)TΩ−1 , (2.15)
where we have used the conventions of Appendix A. (In particular, Ω is the symplectic
form on RK+L.) This translates into the condition that the block-matrix entries in
(2.7) satisfy
s ∈ 2Z+ 1 : A = −ΩKA
TΩ−1K , D = −ΩLD
TΩ−1L , (2.16)
s ∈ 2Z : A = ΩKA
TΩ−1K , D = ΩLD
TΩ−1L , (2.17)
s ∈ 2Z+ 1
2
: B = Ω−1K C
TΩL , (2.18)
s ∈ 2Z+ 3
2
: B = −Ω−1K C
TΩL . (2.19)
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2.4 Properties
There are a few basic properties of these algebras that may be worth pointing out.
Each of them contains generators of spin s = 1, and they generate the Lie algebras
u(K) ⊕ u(L) for the case of shs(K|L)[λ], and similarly in the other cases.2 As a
consequence, all other generators transform in representations of this algebra, and
we have summarized the representations that appear in Table 1. (Our conventions
regarding the representations of the orthogonal and symplectic groups are given in
Appendix A.)
spin shs(K|L)[λ]
Z u(K)⊕ u(L)
Z+ 1
2
(K, L¯)⊕ (K¯,L)
spin sho(K|L)[λ]
2Z+ 1 ([0, 1, . . . ], [0, 1, . . . ])
2Z ([2, 0, . . . ]⊕ [0, 0, . . . ], [2, 0, . . . ]⊕ [0, 0, . . . ])
Z+ 1
2
([1, 0, . . . ], [1, 0, . . . ])
spin shsp(K|L)[λ]
2Z+ 1 ([2, 0, . . . ], [2, 0, . . . ])
2Z ([0, 1, . . . ]⊕ [0, 0, . . . ], [0, 1, . . . ]⊕ [0, 0, . . . ])
Z+ 1
2
([1, 0, . . . ], [1, 0, . . . ])
Table 1. Spin content of the various higher spin algebras. K denotes the fundamental
(vector) representation. In the case of u(K), K¯ denotes the anti-fundamental representa-
tion.
The automorphism of shs[λ] described in (2.4) implies that we have the dualities
shs(K|L)[λ] ∼= shs(L|K)[1− λ] ,
sho(K|L)[λ] ∼= sho(L|K)[1− λ] , (2.20)
shsp(K|L)[λ] ∼= shsp(L|K)[1− λ] .
In fact, we could have reversed the roles of k and −k in the definition (2.7) to obtain
also the algebra shs(K|L)[1 − λ] as a subalgebra of shsK+L[λ]. Since
1
2
(1 + k) and
−1
2
(1− k) are orthogonal projectors, this in particular implies
shs(K|L)[λ]⊕ shs(K|L)[1− λ] ⊂ shsK+L[λ] . (2.21)
2Strictly speaking, the relevant Lie algebras are the corresponding complexifications, e.g.
gl(K;C) ⊕ gl(L;C) for the case of shs(K|L)[λ], but as is common in physics, we will often use
the compact real form.
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Note that shs(K|K)[λ] ∼= shsK [λ], as follows from the definition in (2.7), and sim-
ilarly for the other truncations. In fact, K = L is the only case for which these
algebras preserve some supersymmetry [7], see also [15, 16] for a related analysis.
As is well known, see e.g. [6, Section 7.2], the shs[λ] algebra contains the two
bosonic higher spin algebras
shs[λ]bos ∼= hs[λ]⊕ hs[1− λ] . (2.22)
Similarly, we can consider the bosonic subalgebra of shs(K|L)[λ], which is, by con-
struction, generated by the block diagonal elements. Since the two block matrices
along the diagonal, i.e. the terms proportional to A and D in (2.7), do not mix, the
bosonic subalgebra of shs(K|L)[λ] is a direct sum of two bosonic subalgebras, which
we may denote as
shs(K|L)[λ]bos ∼= hs(K)[λ]⊕ hs(L)[1 − λ] ,
sho(K|L)[λ]bos ∼= ho(K)[λ]⊕ ho(L)[1− λ] ,
shsp(K|L)[λ]bos ∼= hsp(K)[λ]⊕ hsp(L)[1− λ] . (2.23)
3 CFT constructions
It is straightforward to construct higher spin theories based on these higher spin
algebras — the construction of [1, 2] still goes through essentially unmodified — and
it is thus natural to ask what the corresponding CFT duals should be. Based on
the general expectations from [4, 17, 18], we can determine the relevant symmetry
algebras via Drinfel’d-Sokolov reduction, and the analysis can be performed com-
pletely analogously to these constructions. The resulting W algebras then have the
spin spectrum described in Table 1. We shall denote the W∞ algebra associated to
shs(K|L)[λ] by sW∞(K|L)[λ].
Given the spin spectrum, one can turn the logic around and analyse the most
generalW algebra with that spin spectrum, imposing that the Jacobi identities have
to be satisfied. We have done this analysis at low levels,3 and it seems that each of
these algebras is indeed characterized by just one parameter λ, in addition to the
central charge c. We should mention that the corresponding analysis for the case
sW∞(1|1)[λ] ∼= WN=2∞ [λ] was already done in [19], while that for sW∞(2|2)[λ]
∼=
WN=4∞ [λ] was done in [20].
3.1 The free field construction
The N = 2 superconformalW∞ algebra, that agrees by construction with the algebra
sW∞(1|1)[λ], has a free field realisation at λ = 0, 1, and one may therefore suspect
3We have in particular considered soW∞(1|4)[c, λ], since this algebra will play an important role
in Section 4.
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that also sW∞(K|L)[λ] will have a free field realisation at λ = 0, 1. (In fact, it was
this free field realisation that led us to consider this family of algebras in the first
place.)
In order to describe this free field realisation we considerKN complex bosons and
LN complex fermions, where the bosons sit in the representation (N, K¯) ⊕ (N¯,K)
of the algebra u(K) ⊕ u(N), and similarly for the fermions. (This is the natural
generalisation of similar constructions that were considered before, see in particular
[8, 22–25].) We then consider the u(N)-invariant combinations of these fields; as
is familiar from these older constructions, see in particular [21], the generators of
the symmetry algebra consist entirely of the bilinears in the free fields. It is then
straightforward to work out the spectrum of the generating fields, and one finds
precisely the first column of Table 1, i.e. the algebra sW ′∞(K|L)[λ]. Actually, there
is one small difference (which is why we added a prime to sW ′∞): at spin 1, only the
bilinears of the fermions give rise to currents, while the bilinears of the bosons only
start at spin s = 2. As a consequence, one actually obtains a slightly smaller algebra
that misses the u(K) algebra at λ = 0 and the u(L) algebra at λ = 1. (Because of
(2.20) the roles of the free bosons and fermions are interchanged as we replace λ = 0
by λ = 1.)4 More details about this computation can be found in Appendix B.
We can also similarly perform the construction for the case of real (or pseudoreal)
fields, where we think of the fields as transforming in the fundamental representation
of so(N) or sp(N), respectively. This then leads to the second or third column of
Table 1, except that again at spin s = 1, the currents coming from the bilinears of
the free bosons are missing. We denote the corresponding algebras as soW ′∞(K|L)[λ]
and spW ′∞(K|L)[λ], respectively.
3.2 Coset constructions
Given the by now familiar relation between free field realisations and coset theories,
see e.g. [8, 26], it is not difficult to guess the cosets that lead to these algebras.
Indeed, the natural ansatz is5
su(N +K)k ⊕ u(NL)1
su(N)k+L ⊕ u(1)κ
⊕ u(1) . (3.1)
Here u(NL)1 can be described in terms of NL complex fermions in the representation
(N, L¯) ⊕ (N¯,L). The su(N)k+L algebra of the denominator is embedded into the
numerator algebra as follows. The numerator algebra su(N + K)k contains the
subalgebra su(N)k corresponding to a tracless blockmatrix of size N . The fermions
4Note that this construction implies in particular that also the corresponding higher spin algebra
shs(K|L)[λ] contains these subalgebras at λ = 0, 1. We have checked explicitly that this is indeed
compatible with the commutation relations of shs(K|L)[λ].
5Note that here k denotes the level, not to be confused with the Klein operator that appears in
the definition of the oscillator algebra, see eq. (2.1).
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generate furthermore L su(N)1 algebras, see e.g. [27], and their diagonal sum is
therefore a su(N)L algebra. Together with the subalgebra from the bosons this then
describes the denominator su(N)k+L algebra. Finally, for the u(1)κ factor, we take
the sum of the generator diag(K1N ,−N1K) in su(N + K) and the overall u(1)
current of the u(NL)1 algebra (scaled by a factor of (N +L) in order to match with
standard conventions for K = L = 1 and K = L = 2); this leads to the total level
of
κ = k(NK2 +KN2) + (N + L)2NL = k(N +K)NK + (N + L)2NL . (3.2)
The central u(1) corresponds to the identity in the higher spin algebra. We may also
consider the reduced coset without including this additional factor.
Notice that this coset includes a number of well-known examples as special cases.
In particular, for K = L = 1, the coset describes Kazama-Suzuki models with N = 2
superconformal symmetry, see e.g. [21, 28]. Another special case isK = L = 2, where
the model is known as a Wolf space coset with largeN = 4 superconformal symmetry,
see e.g. [13].
In the limit of large level k, we obtain the free field theory of the previous section,
except that the coset also contains a u(K)∞ algebra — these are the generators
of su(N + K) that commute with the su(N) subalgebra — which has non-trivial
commutation relations with the remaining bosons, but commutes with the fermions.
This is precisely the u(K) algebra that was missing in the free field realisation, see
the discussion at the end of the previous subsection. It is also not difficult to check,
using character arguments, see e.g. [21, 25], that the spin spectrum of the coset
algebra agrees precisely with that of sW∞(K|L)[λ].
A more interesting limit is given by the ’t Hooft limit where N and k are taken
to infinity, while keeping the ’t Hooft parameter
λ ≡
N
k +N
(3.3)
fixed. The spin spectrum is independent of λ, and hence the resulting algebra must
agree with the algebra sW∞(K|L)[µ] for some choice of µ and c. An explicit calcu-
lation shows (see Appendix C) that in the above ’t Hooft limit c → ∞ and µ = λ,
the ’t Hooft parameter of (3.3). Thus, these cosets provide a realisation of the
sW∞(K|L)[λ] algebras.
From the coset perspective, the duality property (2.20) can be motivated from
level-rank duality, see e.g. [29]
su(N)m ⊕ su(N)n
su(N)m+n
∼=
su(m+ n)N
su(m)N ⊕ su(n)N ⊕ u(1)
. (3.4)
This slightly formal argument is spelled out in Appendix D.
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We can write down similar cosets for the orthogonal and symplectic analogs,
so(N +K)k ⊕ so(NL)1
so(N)k+L ⊕ u(1)
⊕ u(1) , (3.5)
sp(N +K)k ⊕ sp(NL)1
sp(N)k+L ⊕ u(1)
⊕ u(1) . (3.6)
A similar reasoning as above shows that their chiral algebras coincide, in the ’t Hooft
limit, with those of soW∞(K|L)[λ] and spW∞(K|L)[λ], respectively. Here, λ is again
identified with the ’t Hooft parameter (3.3).
4 Applications to stringy large N = 4 holography
Our constructions were motivated by trying to understand the higher spin symmetry
of string theory on AdS3 × S3 × S3 × S1. This background was extensively studied
in the literature [30–35], and recently convincing evidence for the dual CFT was
given in [10]. The background is characterized by three quantum numbers. Q1
corresponds to the number of D1-branes in the brane-construction, while Q+5 and
Q−5 characterise the three-form flux through the two three-spheres, or equivalently
the D5-brane charges; for more details on the brane-construction, see [10, 32]. It was
claimed in [10] that string theory with Q−5 /Q
+
5 ∈ Z is dual to the symmetric orbifold
theory
SymQ1Q
+
5 (su(2)Q−
5
/Q+
5
−1 ⊕ u(1)⊕ so(4)1) , (4.1)
where so(4)1 describes four real fermions. In the following, we shall focus on the case
Q5 ≡ Q
+
5 = Q
−
5 . Then the relevant dual CFT is
SymQ1Q5(u(1)⊕ so(4)1) . (4.2)
Note that u(1)⊕ so(4)1 is the theory of one real boson and 4 real fermions, which is
often denoted as S0 [32, 35, 36]. This theory has large N = 4 supersymmetry. We
will also write N ≡ Q1Q5.
The CFT dual of string theory on AdS3 × S3 ×M4, where M4 = T4 or K3 lies
on the same moduli space as the symmetric product orbifold of M4, see e.g. [9] for
a review, and the same also seems to be true for certain orbifolds of M4 [37]. For
the case ofM4 = T4 or K3, the dual CFT contains an N = 4 higher spin algebra at
least at certain points in the moduli space [8, 38]. By analogy, one might therefore
expect that the symmetric product orbifold (4.2) should contain a natural N = 4
higher spin algebra. Somewhat surprisingly, this does not seem to be the case.
One reason why the situation for this background may be different is related to
the form of the central charge of the dual CFT
c =
6Q1Q
+
5 Q
−
5
Q+5 +Q
−
5
. (4.3)
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Generically, this is not a half-integer, and thus the dual CFT is not a free theory. In
particular, the usual bilinear construction of free fields that we employed above and
that also appeared for the cases ofM4 = T4 and K3 [8, 38] does no longer work: in
general, bilinears of interacting fields do not close among themselves. This does not
exclude the possibility that there could be a higher spin symmetry — after all, in 2d
interacting higher spin theories exist — but it has to arise by a more complicated
mechanism.
There are some exceptions to the above argument, namely when (here we assume
without loss of generality as in [35] that Q−5 ≥ Q
+
5 )
γ =
Q+5
Q+5 +Q
−
5
∈ 1
12
Z , (4.4)
which corresponds to particular ratios of the radii of the three-spheres in the geom-
etry. These cases correspond to γ = 0, 1
12
, 1
6
, 1
4
, 1
3
, 5
12
and 1
2
. For γ = 0, the large
N = 4 algebra contracts to the small N = 4 algebra, and we obtain the same chiral
algebra as for the symmetric orbifold of the T4 case; in particular, there is then a
natural higher spin symmetry [8]. We will in the following mainly focus on the case
of γ = 1
2
, for which the dual CFT is simplest (4.2). We will also briefly discuss
the other cases. As we shall see, there are natural higher spin algebras for all of
these cases (except for γ = 5
12
that is not even of the form (1.1)), but none of them
preserves the large N = 4 superconformal algebra.
4.1 A T2-description
It was already noted in [10], that the chiral algebra of S0 can be identified with that of
a supersymmetric torus T2 ∼= S1×S1. For this, we recall that the large N = 4 algebra
has a natural N = 2 subalgebra [10, 32]. The u(1) R-symmetry current of the N = 2
algebra is given by the sum of the two Cartan generators of the su(2)⊕su(2)-algebra.
In particular, w.r.t. this N = 2 algebra, the fermions transform as
(2, 2) −→ (−1
2
)⊕ 2 · (0)⊕ (1
2
) . (4.5)
Hence, there are two uncharged fermions, which we can bosonize, to obtain altogether
two bosons and two fermions, i.e. T2. It is then straightforward to check that theN =
2 algebra of the S0-theory becomes identified with the standard N = 2 algebra of T2.
In particular, the generators of the N = 2 algebra in the T2-basis are bilinear in the
fundamental fields. (In the S0-basis, however, the generators look quite complicated,
as they involve trilinear terms in the fundamental fields.) Thus we conclude that the
symmetric orbifold of S0 contains at least a sW∞(1|1)[0] ∼=WN=2∞ [0] algebra [23].
4.2 The soW ′
∞
(1|4)[0] algebra
There is however also another higher spin algebra contained in the symmetric orbifold
of S0. In particular, we can consider the bilinear fields in the N bosons and the
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4N fermions, treating the 4N free fermions as real fermions that transform in the
4 · N of so(N).6 Using the arguments of Section 3.1, this leads to the higher spin
algebra soW ′∞(1|4)[0]. We should emphasize that it follows from our analysis that the
corresponding higher spin algebra is sho′(1|4)[0]. In particular, one should therefore
not expect that this algebra agrees with ho(1|4) of [7]; we have also shown this
explicitly in Appendix E.
While this higher spin algebra is not supersymmetric, it is nonetheless attractive.
First, it is the natural analogue of the small N = 4 construction of [8]. Second, the
symmetry algebra is so(4)⊕u(1) ∼= su(2)⊕su(2)⊕u(1),7 so all isometries of the dual
geometry are algebraically realized. In particular, the bosonic symmetry algebra of
the system becomes
u(1)⊕ soW∞(1)[0]⊕ soW∞(4)[1] . (4.6)
Finally, this symmetry algebra arises as the large level limit of a family of cosets, see
eq. (3.5), and hence this higher spin subsector seems to arise from a natural higher
spin–CFT duality.
4.3 Other values of γ
For the other special values of γ in (4.4) a similar analysis can be performed, using
different free field realisations of su(2), in particular (see e.g. [27])
su(2)1 ∼= u(1)1 ∼= boson at self-dual radius , (4.7)
su(2)2 ∼= so(3)1 ∼= three real fermions , (4.8)
su(2)4 ⊂ su(3)1 ∼= two bosons on the su(3)-lattice , (4.9)
su(2)10 ⊂ sp(4)1 ∼= so(5)1 ∼= five real fermions . (4.10)
The first two cases are quantum equivalences, whereas the latter two are conformal
embeddings. These exceptional cases cover γ = 1
12
, 1
6
, 1
4
and 1
3
, but do not account
for γ = 5
12
. Note that γ = 5
12
is also not covered by the proposal (4.1), see eq. (1.1),
and thus we shall not be able to say more about it.
Using these equivalences, it is straightforward to see that the following W∞
algebras are subalgebras of the corresponding symmetric orbifolds
γ = 1
3
: soW ′∞(2|4)[0] , (4.11)
γ = 1
4
: soW ′∞(1|7)[0] , (4.12)
γ = 1
6
: soW ′∞(3|4)[0] , (4.13)
γ = 1
12
: soW ′∞(1|9)[0] . (4.14)
6For N even, we could also take them to transform in the fundamental representation of sp(N);
then this will lead to the corresponding symplectic W∞ algebra.
7The u(1) arises from the linear term in the free boson which we may add.
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Note that since we had to use conformal embeddings in the last two cases, we need
an off-diagonal modular invariant to embed these W∞ algebras into the symmetric
orbifold. We should also mention that for γ = 1
3
and γ = 1
6
, there are two further
constructions that are possible provided that the compactification radius of the free
boson in the S0-theory takes a special value, so that
u(2)1 ∼= two complex fermions ∼= four real fermions , (4.15)
u(2)4 ∼= u(3)1 ∼= three complex fermions ∼= six real fermions . (4.16)
For these special radii, we could thus also construct an soW ′∞(0|8)[0] algebra for
γ = 1
3
, and an soW ′∞(0|10)[0] algebra for γ =
1
6
. As before for the case γ = 1
2
,
we could have also considered the corresponding symplectic version, see footnote 6.
Finally, we note that the small N = 4 case of γ = 0 fits naturally into this series
since we have
su(2)∞ ∼= u(1)
3
∞
∼= three non-compact bosons , (4.17)
and hence
γ = 0 : soW ′∞(4|4)[0] ⊃ suW
′
∞(2|2)[0]
∼=WN=4∞ [0] . (4.18)
Incidentally, given the results of [39], it is quite natural that only the even spin
subalgebra of the higher spin square appears.
5 Conclusions
In this paper we have constructed a new family of higher spin algebras; they arise
upon restricting a suitable matrix extension of the familiar shs[λ] algebra, see eq. (2.7).
We have identified CFT coset duals realising these symmetry algebras, and thus natu-
ral higher spin–CFT dual pairs. Our construction was motivated by trying to identify
higher spin subsectors in the CFT dual of string theory on AdS3 × S3 × S3 × S1. In-
deed, the higher spin algebras we have constructed appear naturally for some special
values of γ, i.e. special ratios of the sizes of the two S3’s.
Generically, the higher spin algebras we have constructed are non-supersymmetric,
and this is indeed the case for the examples that arise in the context of AdS3× S3×
S3 × S1. It is not clear to us what the fundamental reason for this is. Note that, for
γ = 1
2
, there exists also a supersymmetric higher spin subsector, as already identi-
fied in [10]. In particular, our analysis does not preclude that there are also other
(supersymmetric) higher spin algebras one may find in these theories.
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A Orthogonal and symplectic algebras
Let us recall a few important representations of so(M) and sp(M).8 We shall need
the adjoint representation, the fundamental representation and the symmetric rep-
resentation of so(M). We shall denote them by their Dynkin labels [0, 1, 0, . . . ],
[1, 0, . . . ] and [2, 0, . . . ]⊕ [0, 0, . . . ],9 respectively. We have
dim([1, 0, . . . ]) = M , dim ([0, 1, 0, . . . ]) = 1
2
M(M − 1)
and dim([2, 0, . . . ]⊕ [0, 0, . . . ]) = 1
2
M(M + 1) . (A.1)
Similar considerations apply to sp(M), where we have
dim([1, 0, . . . ]) =M , dim ([2, 0, . . . ]) = 1
2
M(M + 1)
and dim([0, 1, 0 . . . ]⊕ [0, 0, . . . ]) = 1
2
M(M − 1) . (A.2)
On RK+L, we are using the symplectic form Ω = ΩK ⊕ ΩL, where ΩK and ΩL are
symplectic forms on RK and RL, respectively. (Recall that we are always assuming
that K and L even in the symplectic case.)
B Details of the free field calculation
Here we present some more details about the free field realisation of the sW∞(K|L)[λ]
algebra at λ = 0. We consider NK free complex bosons ∂φı¯,a, ∂φ¯i,a¯ and NL free com-
plex fermions ψ ı¯,α, ψ¯i,α¯, where i, ı¯ = 1, . . . , N , a, a¯ = 1, . . . , K, and α, α¯ = 1, . . . , L.
We define quasi-primary fields, following [40], as
W αβ¯F,h(z) = nWF,h
h−1∑
k=0
N∑
i, ı¯=1
δi,¯ı(−1)
k
(
h− 1
k
)2
:∂kψ ı¯,α∂h−k−1ψ¯i,β¯ : (z) , (B.1)
W ab¯B,h(z) = nWB,h
h−2∑
k=0
N∑
i, ı¯=1
δi,¯ı
(−1)k
h− 1
(
h− 1
k
)(
h− 1
k + 1
)
:∂k+1φı¯,a∂h−k−1φ¯i,b¯ : (z) , (B.2)
8In the symplectic case we always assume that M is even; the fundamental representation of
sp(M) has then dimension M .
9The symmetric representation is not irreducible, but we shall always only need the combination
[2, 0, . . . ]⊕ [0, 0, . . . ].
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Qaα¯h (z) = nQh
h− 3
2∑
k=0
N∑
i, ı¯=1
δi,¯ı(−1)
k
(
h− 3
2
k
)(
h− 1
2
k
)
:∂h−k−
1
2φı¯,a∂kψ¯i,α¯ : (z) , (B.3)
Q¯a¯αh (z) = nQ¯h
h− 3
2∑
k=0
N∑
i, ı¯=1
δi,¯ı(−1)
k
(
h− 3
2
k
)(
h− 1
2
k
)
:∂h−k−
1
2 φ¯i,a¯∂kψ ı¯,α : (z) , (B.4)
where we sum over repeated indices of i, ı¯, and the n∗ are some arbitrary normalisa-
tion constants. W ab¯B,h and W
αβ¯
F,h transform in the adjoint representation of the u(K)
or the u(L) algebra, respectively. Qaα¯h and Q¯
a¯α
h have half-integer spin and transform
in the bifundamental representation (K, L¯) or (K¯,L) of the direct sum of the above
algebras. In this basis the stress-energy tensor is given by the sum of the traces
T (z) = TB(z) + TF(z) =
1
nWB,2
K∑
a, a¯=1
δa,a¯W
aa¯
B,2(z)−
1
2nWF,2
L∑
α, α¯=1
δα,α¯W
αα¯
F,2(z) . (B.5)
We have implemented the fields up to spin 4 and for different combinations of small
K,L explicitly. We know, on general grounds, see in particular [41], that the com-
mutators must take the form
[(W αβ¯F,h1)m, (W
γδ¯
F,h2
)n] =
∑
h∈Z+
h<h1+h2
ph1h2hF (m,n)
(
δγβ¯W αδ¯F,h + (−1)
h1+h2+hδαδ¯W γβ¯F,h
)
m+n
,
[(W ab¯B,h1)m, (W
cd¯
B,h2
)n] =
∑
h∈Z+
1<h<h1+h2
ph1h2hB (m,n)
(
δcb¯W ad¯B,h + (−1)
h1+h2+hδad¯W cb¯B,h
)
m+n
,
[(W αβ¯F,h1)m, (Q
aγ¯
h2
)r] =
∑
h∈(Z++
1
2
)
h<h1+h2
qh1h2hF (m, r) δ
αγ¯ (Qaβ¯h )m+r , (B.6)
[(W ab¯B,h1)m, (Q
cα¯
h2
)r] =
∑
h∈(Z++
1
2
)
h<h1+h2
qh1h2hB (m, r) δ
cβ¯ (Qaα¯h )m+r , (B.7)
{(Qaα¯h1 )r, (Q¯
b¯β
h2
)s} =
∑
h∈Z+
1<h<h1+h2
(
oh1h2hF (r, s) δ
ab¯W αβ¯F,h + o
h1h2h
B (r, s) δ
αβ¯W ab¯B,h
)
r+s
+ oh1h21F (r, s) δ
ab¯ (W αβ¯F,1)r+s , (B.8)
where the functions ph1h2hF , p
h1h2h
B , . . . , o
h1h2h
B are polynomials in the mode numbers
m,n ∈ Z and r, s ∈ Z + 1
2
, with coefficients that depend on the conformal weights
h1, h2, h, see e.g. [41]. Furthermore, their dependence on the parameters a, a¯ and
α, α¯ is entirely fixed by the representation theory, see Table 1. With the help of
the Mathematica package of Thielemans [42] we have confirmed that the structure
constants stablilize indeed for K ≥ 2 and L ≥ 2; suppressing the group theoretic
index structure (and setting all normalisations n∗ = 1), we have found explicitly
[WF,1,WF,1] : p
111
F = 1 ,
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[WF,1, Q 3
2
] : q
1 3
2
3
2
F = −1 ,
{Q 3
2
, Q¯ 3
2
} : o
3
2
3
2
1
F = −
1
2
(r − s) , o
3
2
3
2
2
F = −
1
2
, o
3
2
3
2
2
B = 1 ,
[WF,1,WF,2] : p
121
F = −m , p
122
F = 1 ,
[WF,2, Q 3
2
] : q
2 3
2
3
2
F =
1
3
(2r −m) , q
2 3
2
5
2
F =
2
3
,
[WB,2, Q 3
2
] : q
2 3
2
3
2
B = −
1
3
(2r −m) , q
2 3
2
5
2
B =
1
3
,
[WF,2,WF,2] : p
221
F =
1
3
(
m2 −mn + n2 − 1
)
, p222F = − (m− n) , p
223
F =
2
3
,
[WB,2,WB,2] : p
222
B =
1
2
(m− n) , p223B = −
1
2
,
[WF,1, Q 5
2
] : q
1 5
2
3
2
F = 2m , q
1 5
2
5
2
F = −1 ,
{Q 3
2
, Q¯ 5
2
} : o
3
2
5
2
1
F = −
(
r2 −
1
4
)
, o
3
2
5
2
2
F = −
1
2
(3r − s) ,
o
3
2
5
2
2
B = −
1
2
(3r − s) , o
3
2
5
2
3
F = −
1
2
, o
3
2
5
2
3
B =
3
2
,
[WF,2, Q 5
2
] : q
2 5
2
3
2
F =
(
m2 −
2
3
mr +
1
3
r2 −
3
4
)
, q
2 5
2
5
2
F = −
14
5
(m
2
−
r
3
)
,
q
2 5
2
7
2
F =
3
5
(m
2
−
r
3
)
,
[WB,2, Q 5
2
] : q
2 5
2
3
2
B =
1
2
(
m2 −
2
3
mr +
1
3
r2 −
3
4
)
, q
2 5
2
5
2
B =
8
5
(m
2
−
r
3
)
,
q
2 5
2
7
2
B =
3
10
(m
2
−
r
3
)
,
{Q 5
2
, Q¯ 5
2
} : o
5
2
5
2
1
F =
1
4
(
r3 − r2s−
5
2
(r − s) + rs2 − s3
)
,
o
5
2
5
2
2
F =
21
20
(
r2 −
4
3
rs+ s2 −
3
2
)
,
o
5
2
5
2
2
B = −
6
5
(
r2 −
4
3
rs+ s2 −
3
2
)
, o
5
2
5
2
3
F =
5
4
(r − s) ,
o
5
2
5
2
3
B = 3 (r − s) , o
5
2
5
2
4
F = −
9
5
, o
5
2
5
2
4
B =
9
20
.
We have checked that these structure constants coincide exactly with those of the
higher spin algebra shs(K|L)[0], provided one chooses compatible normalisations for
the higher spin generators. For this we have implemented the oscillator relations
(2.1) in Mathematica, and then defined the generators of shs(K|L)[λ] using (2.7).
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We have confirmed explicitly that for λ = 0 the spin s = 1 u(K) generators decouple
(see (E.1) for the lowest-dimensional occurrence of this phenomenon), and that the
remaining structure constants agree with the results shown above.
C ’t Hooft limit of the coset construction
In this appendix we sketch how we have calculated the λ parameter from the coset
viewpoint. Let us denote the su(N + K) currents of the numerator by Juv¯, where
u, v = 1, . . . , N + K,10 and the corresponding fermions by ψ ı¯,α (along with their
complex conjugates), where i, ı¯ = 1, . . . , N and α, α¯ = 1, . . . , L. Then the spin 1
affine algebras are given by
W ab¯1,B = J
n+a,n+b¯(z) , and W αβ¯1,F =
∑
i,¯ı
δi,¯ı(ψ
ı¯,αψ¯i,β¯)(z) , (C.1)
and have level k and N , respectively. For the spin 3
2
fields we have (up to an arbitrary
normalization)
Qaα¯3
2
(z) = nQ 3
2
∑
i,¯ı
δi,¯ı(J
n+a,¯ıψ¯i,α¯)(z) , Q¯a¯α3
2
(z) = nQ¯ 3
2
∑
i,¯ı
δi,¯ı(J
i,n+a¯ψ ı¯,α)(z) . (C.2)
Their OPE is straightforward to calculate, and we find
Qaα¯3
2
(z)Q¯b¯β3
2
(w) ∼ nQ 3
2
nQ¯ 3
2
Nδα¯,βW ab¯1,B(w) + kδ
a,b¯W α¯β1,F(w)
(z − w)2
+ (u(1)-currents + first order poles). (C.3)
We can extract the structure constants for the corresponding modes, and in the
notation of Appendix B, we find
o
3
2
3
2
1
F (r, s) = −
1
2
nQ 3
2
nQ¯ 3
2
k(r − s) , o
3
2
3
2
1
B (r, s) = −
1
2
nQ 3
2
nQ¯ 3
2
N(r − s) . (C.4)
This is to be compared with the structure constants of the higher spin algebra, for
which we find
o
3
2
3
2
1
F (r, s) = −
1
2
(1− λ)(r − s) , o
3
2
3
2
1
B (r, s) = −
1
2
λ(r − s) . (C.5)
Matching the two expressions gives then (3.3).
10We are a bit cavalier here with the external u(1) factors since they do not affect the structure
constants in the ’t Hooft limit.
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D Level Rank Duality
The duality property (2.20) can be motivated by the following set of transformations
su(N +K)k ⊕ u(NL)1
su(N)k+L ⊕ u(1)
∼=
su(N +K)k ⊕ su(N)L ⊕ su(L)N ⊕ u(1)
u(N)k+L ⊕ u(1)
(D.1)
∼=
su(N +K)k
su(N)k ⊕ su(K)k ⊕ u(1)
⊕
su(N)k ⊕ su(N)L
su(N)k+L
⊕ su(K)k ⊕ su(L)N ⊕ u(1) (D.2)
∼=
su(k)N ⊕ su(k)K
su(k)N+K
⊕
su(k + L)N
su(k)N ⊕ su(L)N ⊕ u(1)
⊕ su(K)k ⊕ su(L)N ⊕ u(1) (D.3)
∼=
su(k + L)N ⊕ su(K)k ⊕ su(k)K ⊕ u(1)
su(k)N+K ⊕ u(1)
(D.4)
∼=
su(k + L)N ⊕ u(kK)1
su(k)N+K ⊕ u(1)
. (D.5)
Here, we have used the standard level-rank duality (3.4), as well as the conformal
embeddings
su(M)N ⊕ su(N)M ⊂ su(MN)1 . (D.6)
We should stress, however, that these arguments should be taken with a grain of salt
since splitting up cosets and recombining them (as well as using conformal embed-
dings) are not actual isomorphisms.
E The sho′(1|4)[λ] and ho(1|4) algebra
In this section we want to show explicitly why the soW ′∞(1|4)[0] algebra of Section 4.2
does not correspond to the ho(1|4) algebra of [7], but to sho′(1|4)[0]. This was the
original motivation for our construction.
As already explained in Section 2.2, sho′(1|4)[λ] is isomorphic to ho(1|4) at
λ = 1
2
. (Strictly speaking, the argument was given for the unitary version of
the algebra, but the orthogonal case works similarly.) It remains to show that
sho′(1|4)[1
2
] ≇ sho′(1|4)[0]. As the truncation to the orthogonal subalgebra does
not affect the dependence on ν = 2λ − 1, it suffices to investigate the structure
constants of shs(K|L)[λ]. The normalization of the spin 1 fields is determined by
requiring that they generate u(K) ⊕ u(L). The spin 3
2
commutation relations are
schematically11
{Q 3
2
, Q¯ 3
2
} = λWB,1 + (1− λ)WF,1 + spin-2 fields , (E.1)
11To keep notation light, we suppress the mode numbers and group-theoretical indices.
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which, in particular, fixes the normalizations of the spin 3
2
fields. It is then clear that
the algebras for different values of λ are not isomorphic, except for the isomorphism
that interchanges λ with 1 − λ and simultaneously WB,1 with WF,1 — this is the
duality that was discussed already around eq. (2.20).
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